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The accretion of a phantom fluid with non-zero chemical potential by black holes is discussed with basis on
the Generalized Second Law of thermodynamics. For phantom fluids with positive temperature and negative
chemical potential we demonstrate that the accretion process is possible, and that the condition guaranteeing
the positiveness of the phantom fluid entropy coincides with the one required by Generalized Second Law. In
particular, this result provides a complementary confirmation that cosmological phantom fluids do not need to
have negative temperatures.
PACS numbers: 95.36.+x, 98.80.-k
I. INTRODUCTION
The discovery of the present accelerating stage of the Uni-
verse from Supernovae (SNe) type Ia observations [1] is one
of the most important achievements in modern cosmology.
This result has been indirectly confirmed by a large set of
independent complementary observations, involving the tem-
perature anisotropies of the cosmic microwave background
[2], the X-ray surface brightness from galaxy clusters [3] and
the age of the universe from globular clusters and old high red-
shift galaxies [4]. In the context of general relativity, an accel-
erating stage can be explained by assuming the existence of an
exotic substance with negative pressure dubbed dark energy
(or quintessence) which represents an intriguing evidence for
physics beyond the domain of the standard model of particle
physics.
Theoretically, there are many candidates to represent this
extra non-luminous (in addition to cold dark matter) relativis-
tic component [5]. Many authors have worked on the idea that
the unknown, uncoupled dark energy component is due exclu-
sively to a minimally coupled scalar field (quintessence field)
which has not yet reached its ground state and whose current
dynamics is basically determined by its potential energy [6].
A special attention has also been paid to the so-called XCDM
cosmologies which are phenomenologically described by an
equation of state (EoS) of the form [7]
p = ωρ, (1)
where p and ρ denotes the pressure and energy density, re-
spectively, and ω is a constant negative parameter. The case
ω = −1 corresponds to a positive cosmological constant, or
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vacuum energy, while for ω <−1 we have the so called phan-
tom dark energy regime or phantom fluids. Depending on the
form of potential, this kind of fluid can also be represented by
a scalar field model [8].
It is widely known that SNe data alone rules out non-
accelerating models with very high significance level, and that
even dark energy candidates with ω >−2/3 are strongly dis-
favored. Actually, some analyzes based on the combination of
SNe and large scale structure data imply that the EoS param-
eter lies within the range −1.48 < ω < −0.72 at 95% confi-
dence level [9]. Therefore, the possibility of a phantom regime
(ω <−1) cannot be excluded.
The study of the phantom regime present some peculiar
features, for example, stability issues [10, 11], increasing en-
ergy density with cosmic time, the possibility of superluminal
sound speed [12] and even the violation of the dominant en-
ergy condition is possible (as the phantom fluid must satisfy
ρ+ p < 0). The dominance of the cosmological content by
a phantom fluid implies that the universe will undergo a very
fast expansion in the future when it finally reaches the big-rip
singularity.
Another intriguing point is related to the thermodynamic
properties underlying the phantom energy fluids. Some ear-
lier studies developed by Lima and coworkers [13, 14] shown
that the temperature of the phantom fluid without chemical po-
tential is positive definite but its co-moving entropy, Sph < 0,
is always negative (for a different analysis showing the same
result see the paper by Brevik et. al. [15]). Therefore, unless
one disregards the statistical microscopic concept of entropy
from which S > 0, the phantom fluid cannot exist in nature
(see also [16] for a different approach based on the idea that
the temperature of phantom fields is negative).
Later on, Izquierdo and Pavo´n [17] discussed the phantom
energy in the context of the generalized second law (GSL)
of thermodynamics. It was found that although the entropy
constraint be violated, the GSL may be satisfied, that is, ˙S =
˙Sph + ˙Sh ≥ 0, where Sh is the horizon entropy.
More recently, the thermodynamic and statistical properties
of phantom fluids were reexamined by considering the exis-
2tence of a non-zero chemical potential (µ). In this case, it was
found that the entropy condition, S≥ 0, implies that the possi-
ble values of ω are heavily dependent on the value, as well as
on the sign of the chemical potential [18] (for a related study
in K-essence dark energy models see the paper by Bilic´ [19]).
For µ > 0, the ω-parameter must be strictly greater than -1
(vacuum is forbidden) while for µ < 0 not only the vacuum
but even a phantom-like behavior (ω <−1) is allowed. In any
case, the ratio between the chemical potential and temperature
remains constant, that is, µ/T = µ0/T0, where µ0, T0 are the
present day values of the chemical potential and temperature,
respectively. Still more important, the positiveness of the en-
tropy is preserved for all kinds of dark energy components as
long as the condition
ω≥−1+ µ0n0ρ0 , (2)
is satisfied, where n0 and ρ0 are, respectively, the present val-
ues of the particle number density and energy density of the
dark energy fluid described by Eq. (1). Actually, if the chem-
ical potential is negative, the above expression shows that the
ω parameter is effectively describing a phantom fluid.
In this context, it is interesting to investigate the constraints
associated to the validity of GSL and the possibility of a pos-
itive critical mass enabling the phantom accretion onto black
holes. As we shall see, the positiveness of this mass leads to
a remarkable result, namely: the same condition for the ω pa-
rameter given above is also required by GSL. In particular, this
means that cosmological phantom fluids do not need to have
negative temperatures. The present study is complemented
with some numerical estimates of the critical mass based on
the Holographic Bound, that is, the idea that there is an upper
limit to the entropy inside the ”surface” limiting the system.
II. ACCRETION PROCESS OF PHANTOM FLUIDS
Following the results presented in [18], let us now dis-
cuss the thermodynamic aspects governing the accretion of
of phantom fluids by black holes when the chemical potential
of the phantom fluid is non zero. The main results obtained
here will be compared with the recent analysis by Pacheco
and Horvath [20] in the absence of chemical potential.
The change on the black hole mass due to the accretion
process in a universe filled with a dark energy fluid was first
investigated by Babichev, Dokuchaev and Eroshenko [21]. In
the case of phantom fluids, they found that the black hole mass
changes at a negative rate, that is, ˙M < 0. Mathematically,
such a behavior can be readily understood. In a general ac-
creting process the black hole mass rate is proportional to the
enthalpy density of the fluid (ρ + p). Therefore, when the
dominant energy condition (DEC) is obeyed (violated), the
black hole mass will increase (decrease) during the accretion
process. In this second case, the immediate consequence is
that the area of the black hole horizon will decrease along with
its entropy (S ∝ M2, where M is the mass of the Schwarzschild
black hole).
On the other hand, Gao and collaborators [22] claimed that
the back-reaction provoked by the accretion of phantom mat-
ter on the black hole metric was ignored in the mentioned cal-
culations. In a low matter density background, this effect can
be safely ignored, but if the background matter density is large
(comparable to the black hole density), the metric describing
this black hole will be significantly modified, and the back-
reaction must necessarily be considered. Different from the
authors of [21] they found that the physical black hole mass
will not decrease but rather grows due to the accretion of phan-
tom fluid, so that ˙M > 0. However, Martı´n-Moruno et al. [23]
have argued that the Gao et al. findings are misleading be-
cause it was assumed that the black hole mass function is pro-
portional to the scale factor. In particular, the entropy of the
fluid has not been taken into account in the solution for the
accretion process, and, as such, the result seems to be based
on a somewhat incomplete picture. For completeness and by
considering that the results are still under debate, in what fol-
lows we will discuss the equilibrium conditions for both cases
( ˙M > 0 and ˙M < 0).
A. Phantom Accretion by Black Holes: GSL Constraints
In terms of the present day quantities, the energy density of
a dark fluid can be written as [13, 14, 15]
ρ = ρ0
(
T
T0
) 1+ω
ω
, (3)
whereas its entropy (including a chemical potential) reads [18]
S =
[
(1+ω)ρ0− µ0n0
T0
](
T
T0
) 1
ω
. (4)
where T is the temperature (T0 is its present day value). It
thus follows that the total entropy of the system consisting of
a (Schwarzschild) black hole plus a dark energy fluid reads
(unless explicitly stated, in our units ~= kB = c = 1),
S = 4piGM2 +
[
(1+ω)ρ0− µ0n0
T0
](
ρ
ρ0
) 1
1+ω
V , (5)
where the first term represents the black hole entropy and the
second term is the phantom fluid entropy inside a co-moving
volume V , written in terms of the energy density. Now, due to
the accretion process, in an arbitrarily short time interval, the
black hole mass varies by ∆M and the phantom field energy
varies by ∆ρ. Therefore, the total entropy variation within the
cavity takes the form
3∆S = 8piGM∆M+ 1
(1+ω)
[
(1+ω)ρ0− µ0n0
T0ρ0
](
ρ
ρ0
)− ω1+ω
V∆ρ . (6)
For a phantom fluid modelled by a scalar field, only the ki-
netic
term contributes to the accretion so that the energy conserva-
tion inside the cavity implies that
∆M =−1
2
(1+ω)V∆ρ . (7)
Now, by inserting (7) into (6), we obtain an expression for
the total entropy variation of the black hole plus dark energy:
∆S =
{
8piGM− 2
(1+ω)2
[
(1+ω)ρ0− µ0n0
T0ρ0
](
ρ
ρ0
)− ω1+ω}
∆M . (8)
We move now to analyze the two cases previously pre-
sented. According to Gao et al. [22], the mass of the black
hole increases with time during the phantom accretion pro-
cess, that is, ∆M ≥ 0. In order to satisfy the GSL (∆S≥ 0), we
must have the term inside the curly brackets appearing in (8)
positive definite thereby yielding the condition:
M ≥Mcrit = 14piG(1+ω)2
[
(1+ω)− µ0n0ρ0
]
1
T0
( ρ
ρ0
)− ω1+ω
.
(9)
Note that for µ0 = 0 the above critical mass reduces to the
one derived in Ref. [20] (see their equation (14)). In this case,
the critical mass is negative when ω < −1 and the inevitable
conclusion is that the process is physically forbidden. In the
point of view of Refs. [14, 15], such a result should be physi-
cally expected since phantom fluids with negative temperature
cannot exist in nature. On the other hand, we see that for neg-
ative values of µ0 there exists a positive critical mass above
which the black hole can accrete the phantom fluid.
If we adopt the results from Babichev et al. [21], where
∆M < 0, the condition to the mass is M ≤ Mcrit. Therefore,
only black holes with mass below the critical mass can accrete
phantom energy.
An interesting result emerging from the above discussion
based on the validity of GSL is that to keep the positiveness
of the critical mass, the following condition must be satisfied
(the term outside the square brackets in (9) is positive definite
and thus the term inside the square brackets must be positive
as well)
ω≥−1+ µ0n0ρ0 , (10)
which is just condition (2) previously obtained in [18] from a
thermodynamical analysis based exclusively on the phantom
fluid thermodynamic properties. The fact that the same condi-
tion emerges naturally from the GSL constraints reinforces the
claims that phantom fluids must have positive temperatures.
B. Critical Mass Estimates
The above constraint has an additional interesting property.
It can be used to give an upper bound estimate to the present
day value of the chemical potential, more precisely to the
product µ0n0. Notice that the inequality (2) can be written
as
µ0 ≤ ρ0
n0
(1+ω) . (11)
It should also be recalled that the condition (2) for the chem-
ical potential is a general result, and, as such, it is not re-
lated to our previous analysis of phantom fluid accretion by
black holes with basis on GSL. Since the chemical poten-
tial has the dimension of energy per particle, the product
µ0n0 has the dimension of energy density, like ρ0. Assum-
ing that our universe is flat, the critical density is given by
ρc≡ 3H20/8piG≃ 4×10−47 GeV4. If the dark energy contributes
with about 70% of the matter content of the universe, we may
suppose that the present day value of the dark energy density
is given by ρ0 ≃ 0.7×ρc ≃ 2.8×10−47 GeV4. This allows us
to estimate
µ0n0 ≤ (1+ω)ρc . (12)
Taking as an example the value ω = −3/2, we have
µ0n0 ≤−1.4× 10−47 GeV4.
In order to study some limits of (9), let us define
α≡−µ0n0/ρ0 the ratio between the chemical potential density
4and the energy density, which is a constant dependent only
on present day values. Using the relation (3), we rewrite the
critical mass (9) as
Mcrit = 4.5× 10−20
[
α− 1
2
]
M⊙
TGeV
, (13)
where M⊙ is the solar mass, T is the temperature of the phan-
tom fluid, given in GeV, and ω = −3/2 is used. This shows
that the critical mass is proportional to the inverse of the tem-
perature of the phantom fluid and also depends on α.
III. CRITICAL MASS FROM HOLOGRAPHIC
PRINCIPLE
A more quantitative analysis of the critical mass value re-
quires knowledge of its entropy, and consequently of its chem-
ical potential, which remains indeterminate since the remain-
ing constants n0, ρ0 and T0 are unknown. However, an up-
per bound can be derived from Holographic Principle bound
which states that
4pi
3 R
3s≤ pi
l2P
R2 , (14)
where R is the event horizon radius, s is the entropy density
and lP is the Planck length. It can be showed that, in a phan-
tom dominated universe, the Holographic Bound is satisfied if
(see [20] and references therein)
s0 ≤ 3|1+ 3ω|8
√
ΩDEH0
l2P
≃ 7.2×10−5|1+3ω|GeV−3 . (15)
In our case, using (4), we have
− µ0n0 ≤−(1+ω)ρ0+T0 3|1+ 3ω|8
√
ΩDE H0
l2P
, (16)
or in terms of the α parameter defined above
α≤ 1
2
+ 3.9× 1042T0 (17)
where we have used ω =−3/2 and ρ0 = 0.7×ρcrit , and T0 is
given in GeV.
Now, by considering the case of very small temperature,
α≈ 1/2 if we take T0 ≃ 0, and thus Mcrit ≃ 0. This shows that
all black holes can accrete in the case ∆M ≥ 0, but the process
is forbidden for case ∆M ≤ 0.
As discussed by several authors, the thermodynamic treat-
ment of dark energy fluids implies that its temperature in-
creases in the course of the expansion. Thus, a more inter-
esting case occurs if we take, for instance, T0 ≃ 10−19GeV
≃ 10−6K, and so α ≈ 1024. We have the critical mass
Mcrit ≃ 4.6×103M⊙/T . Today this critical mass is Mcrit ≃ 4.6×
a = 1 a = 10 a = 102 a = 103
w
K9 K8 K7 K6 K5 K4 K3 K2 K1
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FIG. 1: The present Black hole critical mass as a function of ω for
some selected values of α.
1022M⊙, a very large mass, but of the same order of that ob-
tained in [20] by a different method.
A more realistic case occur if we take α ≈ 10. In this case
the critical mass today is Mcrit ≃ 2.2M⊙, the order of a solar
mass. It is interesting to note the dependence of the critical
mass with ω for some values of α. It is plotted in Fig. 1.
IV. CONCLUSIONS
In this work we have discussed the accretion of phantom
fluids with negative chemical potential by black holes. As we
have seen, there is a positive critical mass in order to enable
the phantom accretion. Some numerical estimates constrain-
ing the critical mass threshold based on the adoption of rea-
sonable values of the chemical potential, or more directly, in
terms of the Holographic Bound, have also be presented, even
if the latter has not been rigourously proved to hold for arbi-
trary space-times.
As physically expected, the Generalized Second Law of
thermodynamics determines the thermodynamic viability of
the whole process and the amount of dark energy accretion.
Depending on the kind of analysis adopted, the process may
either increase or decrease the mass range of black holes ac-
creting the phantom fluid along the history of the universe.
More interesting, the positiveness of the critical mass (based
on GSL) leads to the same constraint involving the present day
values of the physical quantities specifying the phantom fluid
and previously obtained through a thermodynamic analysis of
the phantom energy alone [18]. In other words, phantom flu-
ids with zero chemical potential are not consistent because
5they require either a negative entropy (which is microscop-
ically unacceptable) or a negative temperature (which needs
a bounded spectrum which has not been justified from any
scalar field model).
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